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Abstract
We consider the gauge dyonic string solution of the K3 compactified heterotic
string theory in a four dimensional cosmological context. Since for this solution Green-
Schwarz as well as Chern-Simons corrections have been taken into account it contains
both world sheet and string loop corrections. The cosmological picture is obtained by
rotating the world volume of the gauge dyonic string into two space like dimensions
and compactifying those dimensions on a two torus. We compare the result with gauge
neutral extreme and non-extreme cosmologies and find that the non-trivial Yang Mills
background leads to a solution without any singularities whereas for trivial Yang-Mills
backgrounds some of the fields become always singular at the big bang.
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1 Introduction
Since string theory is supposed to describe physics at scales which are not reachable in any
terrestrial laboratory cosmological models predicted by string theory might be the suitable
candidates for facing this theory with nature. Therefore there has been quite some inter-
est in studying cosmological vacua of string theory [1-25]. A major approach in studying
string cosmology is based on the pre-big-bang scenario [3-6], (for a recent review containing
additional references on the topic see [6]). In the pre-big-bang scenario two cosmological
solutions related by scale factor duality are connected in a strong coupling region. Since one
of the solution describes an accelerated expanding universe (inflationary branch) whereas
the second solution corresponds to a decelerated expanding universe (FRW branch) this sce-
nario has many realistic phenomenological implications. However, it suffers from some open
questions. Because the strong coupling region is hardly accessible one outstanding problem
is the description of the details how the two solutions are smoothly connected (graceful exit
problem) [25].
The second track one can follow is to find more general cosmological string vacua, e.g.
with non vanishing spatial curvature. Here, one can employ the considerable progress in
the understanding of low-energy solutions of string theory which has been made during the
last years. Hopefully, this approach will finally converge with the one described above. A
better understanding of low-energy solutions of string theory was achieved by interpreting
those solutions as intersections of the D-brane solutions of type II string theory. First one
reinterpreted the known 4-d black holes as bound states of brane solution. But the procedure
is quite general and can also be used to find new solutions in 4 dimensions, not only of 0-
brane type (black holes) but also of 1-brane (string) or (-1)-brane type (instanton). For a
classification of all multiple intersections of D-branes see [26].
In the present paper we are going to discuss 4-d cosmological solutions obtained by com-
pactification of 6-d heterotic string solutions. The standard cosmology is described in terms
of a Robertson-Walker metric
ds2 = −dτ 2 +K2(τ)dΩ3,k (1)
where K is the world radius and dΩ23,k = dχ
2 + sin2(
√
kχ)/k(dθ2 + sin2 θdω), which is the
3-d spherical volume measure with the curvature k = −1, 0, 1. This metric ansatz takes into
account that the universe is homogeneous and isotropic (as a good approximation). Trans-
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lated into the brane picture this means, that the Robertson-Walker space-time describes a
(-1)-brane, i.e. the big bang is a point in the 4-d space-time.
Following this philosophy, there are two ways to obtain cosmological solutions from in-
tersecting branes. The first one is to consider already a (-1)-brane in 10 dimensions and as
second way one can consider the “standard” brane intersection and wraps the complete world
volumes of the branes into the internal space. In order to be able to wrap the world volume
of the brane one has to rotate the world volume such that the time coordinate is orthogonal
to it. This can be done by performing a special analytic continuation (Wick-rotation) or by
taking a non-extreme brane solution and going behind the outer horizon where the time and
radius coordinates interchange.
In heterotic string theory, one has the fundamental string and NS-5-brane solution in 10-
d. Wrapping the 5-brane world volume into the internal space one gets immediately a
cosmological solution in 4-d. Making this solution non-extremal and going behind the horizon
one obtains a cosmological model that includes all possible values for the spatial curvature k
[10, 11]. Since the NS-5-brane is part of all superstring theories one can explore the type IIB
S-duality in order to convert the brane into a RR-5-brane [18]. This way one can get some
insight into strong coupling corrections to cosmological string vacua since RR charged states
are non perturbative states. A more systematic approach to cosmological solutions coming
from any type of branes has been discussed in [21]. The field equations of any (non-extreme)
brane solution, which shall be wrapped completely into the internal space can be reduced to
1-d field equations. In special cases one can solve these equations or use known solutions,
e.g. in terms of Toda models [16]. In this procedure one has, however, to take into account
that the intersections of extreme branes always yield a trivial Einstein frame metric [19].
Since in these models the big bang appears as the surface of the D-branes one can argue,
that these branes could yield to a resolution of the big bang singularity [22].
In the present paper we will find that the inclusion of world sheet loop corrections (α′) in
addition to string loop corrections (eφ) might lead to a completely non singular universe.
A solution containing the two kinds of corrections is the gauge dyonic string constructed in
[32]. This solution contains an SU(2) instanton and thus Chern-Simons and Green-Schwarz
corrections are non-trivial. Our aim in this paper is to investigate those “instanton effects”
in a four dimensional cosmological context. Therefore, our starting point is a heterotic 6-d
model, which corresponds in 10-d to a fundamental string lying inside an NS-5-brane (see
figure 1). We will compactify this heterotic solution on a K3 manifold yielding an N = 2
3
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Figure 1: This figure shows a fundamental string lying in a NS-5-brane. The dashed
line indicates the non-extreme version of this intersection. Note, there is a horizon only for
k = +1. We have rotated this configuration so that the time τ is the transverse direction.
string cosmology in 4 dimensions after further compactification on T 2.
The paper is organized as follows. In the next section we will discuss the K3 compactified
heterotic string and describe the toroidal compactification down to four dimensions. In
section 3 we study various six dimensional vacua describing (macroscopic) strings. By an
analytic continuation we rotate the world volume of those strings into space-like directions
and obtain the (-1)-brane configurations required for a cosmological interpretation. Section 4
deals with the resulting four dimensional cosmologies. We will first review known results for
the instanton-free case and afterwards we will discuss the special effect of the YM instantons.
We will also comment on the corresponding brane picture. Finally, we will summarize our
results.
2 The heterotic string theory on K3× T 2
In this section we will develop the general setting for compactifying the K3 compactified
heterotic string theory further down on T 2. The bosonic part of the six dimensional vacuum
satisfies the following set of equations [27] (M,N = 0, . . . , 5)
✷φ = − 1
12
e−2φH2 +
α′
16
∑
α
(
vαe
−φ − v˜αeφ
)
trF 2α, (2)
RMN = ∂Mφ∂Nφ+
1
4
e−2φ
(
H2MN − 16H2GMN
)
−α′
4
∑
α
(
vαe
−φ + v˜αeφ
)
tr
(
F 2αMN − 18F 2αGMN
)
,
(3)
4
DM
((
vαe
−φ + v˜αe
φ
)
FMNα
)
− 1
2
vαe
−2φHNPQF
PQ
α −
1
2
v˜α
∗HNPQF
PQ
α = 0, (4)
dH =
α′
4
∑
α
vαtrFα ∧ Fα, (5)
dH˜ =
α′
4
∑
α
v˜αtrFα ∧ Fα. (6)
where H˜ = e−2φ∗H . The solution we are going to consider has vanishing Lorentz Chern-
Simons forms and vanishing R ∧ R and we did not include those contributions into the
above set of equations. Terms with vαFα ∧ Fα are due to gauge Chern-Simons corrections
whereas terms with v˜αFα ∧ Fα originate from the Green-Schwarz term. (Here, α labels an
unbroken non Abelian subgroup of E8 × E8 or SO(32) and we assume that the unbroken
gauge symmetry is a direct product of non Abelian factors, only.) The values for v and
v˜ depend on the instanton embedding in the internal dimensions and can be found e.g.
in appendix B of [28]. For the symmetric embedding of 12 instantons in each E8 of the
E8 × E8 string v is always positive whereas the perturbative value for v˜ vanishes. It has
been conjectured however that v˜ becomes equal to v due to non perturbative effects [28, 29].
For the asymmetric instanton embedding and the SO(32) string v˜ is negative and a phase
transition occurs when the gauge kinetic term changes sign [28, 30, 31, 32].
The six dimensional vacua we are interested in fit into the following ansatz (µ, ν =
0, . . . , 3),
ds26 = e
−A(x)gˆµν(x)dx
µdxν +
eA(x)
U2
(dy + Udz)
(
dy + U¯dz
)
, (7)
where
U = U(x) = U1 + iU2 (8)
is the complex structure of the torus we are going to compactify on. For the fields we choose
the following ansatz,
φ = φ (x) (9)
Hyzµ = ∂µb(x), (10)
Hµνρ = e
2φ−2A
√
gˆǫµνρλgˆ
λκ∂κa (11)
F αµν = F
α
µν (x) (12)
and the rest of the fields is zero.
Now, we are going to perform the dimensional reduction on a two torus with the co-
ordinates y, z at the level of the action. For simplicity we neglect Green-Schwarz terms
5
(B∧Fα∧Fα) at the moment and deduce their contribution in the end by general arguments.
Since Fyz = Fyν = Fzν = 0 those terms will give rise to bv˜αFα ∧Fα contributions to the four
dimensional Lagrangian. Without Green-Schwarz terms the six dimensional action is 2
S6 ∼
∫
d6x
√
G6
{
R6 − (∂φ)2 − e
−2φ
12
H2 − α
′
8
∑
α
(
vαe
−φ + v˜αe
φ
)
trF 2α
}
, (13)
The ansatz (11) can be thought of as just using Hµνρ = Hµνρ (x) and going to the dual axion
a in four dimensions. This is done by adding the Bianchi identity (5) to the action with a
Lagrange multiplier a and integrating out H . The Chern-Simons corrections will result in
terms containing avαFα ∧Fα. At the moment we drop also these contributions and reinstall
them in the end together with the above neglected Green-Schwarz terms. The form of the
metric (7) gives rise to the following expression for the scalar curvature, (scalar products,
covariant derivatives are taken with respect to gˆ),
R = eA

Rˆ + ∇ˆ2A+ 2
∂U∂U¯(
U − U¯
)2 − (∂A)2

 . (14)
In the compactified theory it is convenient to redefine fields according to
A = λ− ϕ, (15)
φ = ϕ+ λ (16)
and to define the complex axion-dilaton field S as
S = S1 + iS2 = a+ ie
−2ϕ (17)
and the complex Ka¨hler structure T as
T = T1 + iT2 = b+ ie
2λ (18)
Integrating (13) over the two torus (labeled by y, z) results in
S ∼ ∫ d4x√gˆ
{
Rˆ + 2 ∂U∂U¯
(U−U¯)2
+ 2 ∂S∂S¯
(S−S¯)2
+ 2 ∂T∂T¯
(T−T¯)2
−α′
8
∑
α (vαS2 + v˜αT2) trF
2
α
}
.
(19)
2 This is for the convention that the universal sector of the effective string frame action is given by
S ∼ ∫ √Ge−2φ [R+ 4 (∂φ)2 − 1
12
H2
]
.
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Now, let us infer the Chern-Simons and Green-Schwarz corrections by using general argu-
ments. The gravitational Green-Schwarz and Chern-Simons correction are of higher order in
the derivatives and can be neglected at the considered order. In addition, for the vacuum we
are going to study R∧R vanishes identically. As discussed before the gauge field dependence
of the neglected contributions will be of the form trF F˜ with F˜ being the Hodge dual of F
(in four dimensions). Supersymmetry requires holomorphic gauge couplings and that fixes
the final expression of the reduced action to [33]
S ∼ ∫ d4x√gˆ
{
Rˆ + 2 ∂U∂U¯
(U−U¯)2
+ 2 ∂S∂S¯
(S−S¯)2
+ 2 ∂T∂T¯
(T−T¯)2
−α′
8
∑
α Im
[
(vαS + v˜αT )
(
trF 2α − i2 trFαF˜α
)]}
.
(20)
These gauge field couplings follow also from an holomorphic prepotential as described e.g.
in [34].
3 The six dimensional solution
In this section we will discuss the six dimensional vacuum which will lead us to a four
dimensional cosmological solution upon toroidal compactification. First, we will discuss a
string solution with a trivial Yang-Mills background and the analytic continuation giving the
four dimensional cosmological interpretation. This will be done for the extreme and the non-
extreme solution. In the extreme case we can switch on a non-trivial Yang-Mills background.
That will be a modified form of the instanton solution discussed in [32]. The unbroken gauge
symmetry in six dimensions is taken to be SU(2). After an analytic continuation the gauge
field will take values in the subset of SL(2, C) that can be viewed as a Euclideanized version
of SL (2, IR).
3.1 Extreme and non-extreme vacuum with vanishing Yang-Mills background
The non-extreme dyonic string solution has been constructed in [35] starting from the ex-
treme solution of [36]. The issue how to obtain non-extreme solutions from extreme ones
is also discussed in [37]. For completeness we give the dyonic black string solution in six
dimensions before performing the analytic continuation.
ds2 = eA
(
−dt2e2f + dz2
)
+ e−A
(
dr2e−2f + r2dΩ23
)
, (21)
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with
dΩ23 = dχ
2 + sin2χ
(
dθ2 + sin2θdω2
)
, (22)
e2f = 1− µ
2
r2
. (23)
For the rest of the fields one finds
e2ϕ = 1 + µ
2
r2
sinh2α
e−2λ = 1 + µ
2
r2
sinh2β,
(24)
with ϕ and λ as in (15) and (16). The H field is the sum of a contribution coupling to the
electric (fundamental) string and a contribution coupling to the magnetic string,
H = He +Hm, (25)
with
He = cothβ de
2λ ∧ dt ∧ dz,
Hm = cothα r
3∂re
2ϕ sin2χ sin θdχ ∧ dθ ∧ dω.
(26)
The extreme solution is obtained by performing the limit µ→ 0, α →∞ and β →∞ such
that
µ2 sinh2α→ P , µ2 sinh2β → Q, (27)
with P and Q finite. In our context another branch of the solution will be important.
That branch is not considered in [35] since fields become singular at r2 = µ2 cosh2α and
r2 = µ2 cosh2β. In the second solution one finds
e2ϕ = 1− µ2
r2
cosh2α
e−2λ = 1− µ2
r2
cosh2β,
(28)
and
He = tanhβ de
2λ ∧ dt ∧ dz,
Hm = tanhα r
3∂re
2ϕ sin2χ sin θdχ ∧ dθ ∧ dω.
(29)
In the non-extreme case there are basically two options to obtain a solution serving our
purpose of obtaining a four dimensional cosmological background. In order to interpret t
and z as coordinates of an internal torus one needs to change the sign of the tt component
of the metric. In addition, a time-like coordinate in the compactified solution is required. A
homogeneous and isotropic 4-d-time dependent solution is obtained by flipping the signature
of the rr metric component. For the non-extreme solution this happens when we take r to
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be in the region between the inner and the outer horizon, i.e. r2 < µ2. The second option
which we will consider in the rest of the paper is given by performing a Wick rotation
t = iy, (30)
r = iτ, (31)
χ→ iχ. (32)
Note that the Wick rotation here and in the following does not change the signature of the
6-d theorie, it remains a Minkowskian theory. Therefore, the action as well as the equations
of motion remain the same and the rotated solutions still solve eqs. (2) - (6), however, with
a non-compact gauge group (see next section). The aim of this rotation is to convert the
radius into a timlike direction and the time into a spatial direction. The continued solution
reads
ds2 = eA
(
dy2e2f + dz2
)
+ e−A
(
−dτ 2e−2f + τ 2dΩ23,−1
)
, (33)
dΩ23,−1 = dχ
2 + sinh2χ
(
dθ2 + sin2θdω2
)
, (34)
e2f = 1 +
µ2
τ 2
, (35)
e2ϕ = 1− µ2
τ2
sinh2α,
e−2λ = 1− µ2
τ2
sinh2β,
(36)
and
He = i cothβ de
2λ ∧ dy ∧ dz,
Hm = i cothα τ
3∂τe
2ϕ sinh2χ sin θdχ ∧ dθ ∧ dω,
(37)
for the first branch (24), (26). Whereas the second branch (28), (29) continues to
e2ϕ = 1 + µ
2
τ2
cosh2α,
e−2λ = 1 + µ
2
τ2
cosh2β,
(38)
and
He = i tanhβ de
2λ ∧ dy ∧ dz,
Hm = i tanhα τ
3∂τe
2ϕ sinh2χ sin θdχ ∧ dθ ∧ dω.
(39)
Taking in addition now α, β to iα, iβ gives real magnetic and electric charges. In that case
both solutions are related by replacing α, β with pi
2
− α, pi
2
− β and the only singularity ist
at τ = 0. However, we will be interested in performing the extreme limit and have therefore
to stick to real α and β. In order to have a singularity only at τ = 0 (the position of the
9
brane)3 we have to take solution (38), (39) and encounter the problem of having imaginary
charges in the continued solution. We will give a conjectural resolution of that problem in
paragraph 3.3.
3.2 Extreme vacuum with non-trivial Yang-Mills background & analytic con-
tinuation
Now, we will analytically continue the gauge dyonic string solution of [32]. For that purpose
let us rederive their solution in a way that allows us to perform a “continuous Wick rotation”.
That means that we take as a metric ansatz
ds26 = e
A
(
−qdt2 + dz2
)
+ e−A
(
dr2
q
+ r2dΩ23,k
)
, (40)
with the S3k measure
dΩ23,k = dχ
2 +
sin2
(√
kχ
)
k
(
dθ2 + sin2θdω2
)
, (41)
and q, k are real constants. A “continuous Wick rotation” is performed by taking q from
positive values through zero to negative values. The constant k will be fixed by the equations
of motion. We take the unbroken gauge symmetry to be SU(2) and the gauge field strength
to be self dual with respect to
ds24 =
dr2
q
+ r2dΩ23,k. (42)
An S3k symmetric ansatz for the gauge field is given by
A (r) = γ (r)√qg−1dg, (43)
with
g = cos
√
kχ− i cosω sin θ sin
√
kχσ1 − i sinω sin θ sin
√
kχσ2
−i cos θ sin
√
kχσ3 .
(44)
The self duality condition leads to the following differential equation
rγ′ = 2γ (1−√qγ)
√
q
k
(45)
with the solution
γ (r) =
exp
{√
q
k
log r
2
ρ2
√
q
}
√
q exp
{√
q
k
log r
2
ρ2
√
q
}
+ 1
, (46)
3This requirement corresponds to our picture of rotating the world volume of the brane which should not
lead to additional singularities.
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where ρ2
√
q is an integration constant. The ansatz for the H-field is taken to be
Hχθω =
√
q
r3 sin2
√
kχ sin θ
k
∂re
C , (47)
Hijr =
√
qǫij∂re
C˜ . (48)
The Yang-Mills equation (4) is then satisfied if we choose C = ϕ and C˜ = λ. The H-field
equation (6) and the Bianchi identity (5) lead to
✷0e
φ−A =
e−2A
8q
vα′trF 2, (49)
✷0e
−φ−A =
e−2A
8q
v˜α′trF 2, (50)
where ✷0 =
1
r3
∂r (r
3∂r) is the flat Laplacian. The rest of the equations of motions is auto-
matically satisfied apart from the angular components of the Einstein equations (3) which
provide the condition
k = q. (51)
Finally, e−2AtrF 2 is given by
e−2A
4
trF 2 = −24q ρ
4
(r2 + ρ2)4
, (52)
and with (49) and (50) we have just rederived the equations given in [32]. After a further
numerical rescaling of the group generators we can copy their solution,4
e2ϕ = eφ0 +
2vα′(2ρ2+τ2)
(ρ2+τ2)2
,
e−2λ = e−φ0 +
2v˜α′(2ρ2+τ2)
(ρ2+τ2)2
.
(53)
This rederivation is useful since it teaches us some interesting facts about the analytic contin-
uation. At the first sight it seems to be quite disappointing that we obtained the constraint
(51) since that implies that we will not be able to get cosmological solutions with a flat
or a spherical three-space. On the other hand this condition is logical for the following
reasons. When we send q = k to zero the spatial S3 decompactifies to a flat space and
hence the instanton solution loses its topological meaning of mapping the spatial S3 onto
the SU(2)-S3. Considering the Cartan-Killing metric tr
(√
qg−1dg
)2
one observes that it
4With (51) our metric ansatz and the one in [32] are connected by simple coordinate transformations.
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remains negative definite also after the analytic continuation to negative q. That is, after
the analytic continuation the gauge field takes values in the subset of SL(2, C) that can be
viewed as an Euclideanized version of SL(2, IR). So, we continue also the gauge group from
one real realization (SU(2)) to another one ( SL(2, IR)E). Topologically we continue from a
S3 group manifold to a set of group elements with S3−1 topology and for negative values of q
the “instanton” maps a pseudo-sphere in the target space on a pseudo-sphere in the group
space. In the following we will call this also instanton and drop the quotation marks.
3.3 Analytic continuation in the string-probe action
In this paragraph we are going to study how the analytic continuation (rotating the world
volume of the string) is seen from the view point of a probe string. Thereby we will give a
possible resolution of the imaginary charge problem (39). Here, we will focus on the extreme
solutions. Let us recall the (for the present discussion) relevant parts of the extreme solution.
In the string frame the extreme 6-d string solution is of the following form
ds26 = e
2λ (−dt2 + dz2) + e2ϕdxµdxµ,
He = d
(
e2λdt ∧ dz
)
,
(54)
whereas the continuation is of the form
ds26 = e
2λ (dy2 + dz2) + e2ϕ
(
−dτ 2 + τ 2dΩ23,−1
)
,
He = id
(
e2λdy ∧ dz
)
.
(55)
First, we consider a string-probe in the 6-d string-background. The probe action is
S = − 1
4πα′
∫
d2σ
√
det (−gMN∂XM∂XN ) + 1
4πα′
∫
B(2), (56)
where M,N = 0, . . . , 5 and H = dB(2). Gauge fixing the world sheet diffeomorphisms via,
(σi are the Minkowskian world sheet parameters),
t = σ0 , z = −σ1 , Xµ = Xµ
(
σ0
)
(57)
and plugging (54) with B(2) = e2λdt ∧ dz into (56) results in
S =
R
8πα′
∫
dσ0e2ϕv2 +O
(
v4
)
, (58)
with vµ = dX
µ
dσ0
being a four dimensional velocity vector and R is the length of the string.
(In difference to [38] we have no contribution from the string at rest since we included an
12
additional constant into B(2).) The arising picture is that the string-probe is extended along
the z-axis and follows geodesics with respect to
ds2 = e2ϕdXµdXµ, (59)
with changing time σ0.
In addition to the analytical continuation in target space we perform also a continuation
in the probe action, namely we rotate the world volume of the probe such that the time
direction is orthogonal to it. This is done by a Wick-rotation
σ0 → iσ0, (60)
modifying the probe-action (56) to
S = −i 1
4πα′
∫
d2σ
√
det (gMN∂XM∂XN ) +
1
4πα′
∫
B(2). (61)
Now, we choose as a gauge
y = σ0 , z = −σ1 , τ = τ (σ0)
χ = χ (σ0) , θ = θ (σ0) , ω = ω (σ0)
(62)
and plug (55) into (61) with B(2) = ie2λdy ∧ dz . The result is
S =
R
8πα′
∫
d
(
iσ0
)
e2ϕ


(
dτ
dσ0
)2
− τ 2

( dχ
dσ0
)2
+ sinh2χ

( dθ
dσ0
)2
+ sin2θ
(
dω
dσ0
)2



 . (63)
So, the picture is that the string-probe was replaced by a “world sheet instanton” mapping
the Euclidean world sheet onto the internal target space torus (with coordinates y and z)
and being localized in space-time. With changing Eucledian world sheet time σ0 the locus
of the “world sheet instanton” in the four dimensional space-time will move along geodesics
with respect to
ds2 = e2ϕ
(
−dτ 2 + τ 2dΩ23,−1
)
. (64)
That is, when we probe the four dimensional space-time with those “world sheet instantons”
we will not encounter problems due to imaginary electric and magnetic charges, (for magnetic
charges one has to repeat the consideration for a heterotic dual string-probe leading to the
same result with eϕ replaced by e−λ). Finally, we mention that it might be interesting to
include the non-Abelian background into the probe-action. For that one needs to derive
a sigma model for the heterotic K3-compactified string with unbroken gauge group SU(2).
Theoretically one could do this by K3-compactifying the sigma model of the ten dimensional
heterotic string [39] in a suitable instanton background. In praxis however, we do not know
how to do this and leave this question for future research.
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4 The 4-d cosmology
In this section we discuss the 4-d cosmological models obtained by rotating the 1-brane in
the way described above. We will first recall the case for zero Yang-Mills-fields, i.e. the
cosmologies related to the dyonic string solutions of the Neveu-Schwarz sector of string
theories. Here we distinguish an extremal BPS solution and its non-extremal generalization.
We will then discuss the model obtained from the six dimensional gauge dyonic string, where
the charges are due to a single SU(2)-instanton Yang-Mills field in the transverse space.
4.1 The cosmology from the non-extremal dyonic string
Performing the rotation and the compactification within the non-extremal generalization of
the BPS dyonic string [35] and changing to the string frame, we obtain the four dimensional
solution
ds2 =
(
1 +
µ2
τ 2
cosh2 α
)− dτ 2
1 + µ
2
τ2
+ τ 2dΩ2−1

 ,
e2ϕ = 1 +
µ2
τ 2
cosh2 α, (65)
e−2λ = 1 +
µ2
τ 2
cosh2 β.
To discuss qualitatively the evolution of this open FRW-universe we transform the time
coordinate by τ = eη − µ2
4
e−η, giving the metric
ds2 =


(
eη − µ
2
4
e−η
)2
+ µ2 cosh2 α

 (−dη2 + dΩ2−1) . (66)
For η → ±∞, the geometry approaches flat Minkowski space, while for finite η the geometry
is R × S3−1. This metric therefore describes two flat Minkowski spaces connected by a
whormhole (figure 2a). The space-like part of the whormhole has its smallest extension at
η0 = ln
µ
2
, but is always nonzero. Let us determine whether matter can pass the wormhole
in finite time. For massive particles at rest the corresponding proper time would be given
by
s =
η0+η′∫
η0−η′
dη


(
eη − µ
2
4
e−η
)2
+ µ2 cosh2 α


1/2
. (67)
Since the integrand is regular, the integral is finite for finite η′. Thus the “big bang” at η0
is only finitely far in the past or future, as seen from any point inside the wormhole. The
dilaton and axion however become singular at η0, which corresponds to τ = 0.
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2a 2b
2c
Figure 2: The cosmologies obtained from the nonextremal dyonic string (2a), its extremal
BPS version (2b) and the BPS gauge dyonic string with a single SU(2)-instanton (2c).
4.2 The cosmology from the extremal dyonic string
The 6-d solution is the BPS dyonic solution of [36]. After performing the rotation and
compactifying to four dimensions we obtain in the string frame
ds2 =
(
1 +
P
τ 2
) (
−dτ 2 + τ 2dΩ2−1
)
,
e2ϕ = 1 +
P
τ 2
, (68)
e−2λ = 1 +
Q
τ 2
,
with Q the electric charge and P the magnetic charge of the string. The solution corresponds
to the extremal limit of (65), µ → 0, α, β → ∞ and µ2 cosh2 α → P, µ2 cosh2 β → Q. The
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corresponding transformation of the time coordinate is now τ = e±η, where the minus sign
corresponds to the pre-big-bang phase, and we obtain for the extremal case
ds2 =
(
e±2η + P
) (
−dη2 + dΩ2−1
)
. (69)
Considering the “+” branch, the geometry approaches again flat Minkowski space for η →∞,
while for finite η the geometry is R×S3−1. The “big bang” however is now moved to η = −∞
in the “+” branch and η =∞ in the “−” branch, i.e. it is infinitely far in the past or future
from each point in the throat. We can therefore think of performing the extremal limit
as making the throat connecting the two asymptotic Minkowski spaces infinitely long and
thereby physically separating the pre-big-bang from the post-big-bang phase. As in the non-
extremal case, the dilaton and axion field diverge in the limit τ → 0, which corresponds to
the big bang in both branches.
4.3 The cosmology from the gauge dyonic string with SU(2)-instanton
We now turn to the cosmology obtained from the gauge dyonic string of [32], where the
charges of the string are produced by a single SU(2)-instanton. After performing the Wick
rotation and compactifying to four dimensions we obtain the solution
ds2 =
(
e2ϕ0 + 2α′v
2ρ2 + τ 2
(ρ2 + τ 2)2
)(
−dτ 2 + τ 2dΩ2−1
)
,
e2ϕ = e2ϕ0 + 2α′v
2ρ2 + τ 2
(ρ2 + τ 2)2
, (70)
e−2λ = e−2ϕ0 + 2α′v˜
2ρ2 + τ 2
(ρ2 + τ 2)2
.
Again we transform the time coordinate, τ = e±η, which gives the metric
ds2 = e±2η
(
e2ϕ0 + 2α′v
2ρ2 + e±2η
(ρ2 + e±2η)2
)(
−dη2 + dΩ2−1
)
. (71)
Taking the limit η → ±∞ in the “+” and “−” branch, respectively, we find again a de-
compactification of the S3−1 and therefore have asymptotic Minkowski spaces. However, the
radius of the S3−1 shrinks to zero for η → ∓∞, indicating again a separation of the two
branches (figure 2c). We can get an upper bound for the proper time needed to reach the
collapsing point from an arbitrary point
s =
η′∫
−∞
ds ≤ eη′
√
e2ϕ0 +
2α′v
ρ2
, (72)
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(b) (c)(a)
τ
5 - brane
Figure 3: For the non-extreme 5-brane (a), matter can flow from one asymptotic flat region
to the other. In the extreme limit (b), matter needs infinite time to reach or depart from
the middle of the throat. So, both universes are causally disconnected. Taking an instanton
source (c), results in a smooth “closure” of both regions.
which is finite for finite instanton size ρ. But at this point there is no singularity, all metric
components as well as scalar fields stay finite here. We have a completely non-singular
cosmological model. In the cases discussed before, the (string) metric was also finite, but
the scalar fields were singular at τ = 0. At this point the internal torus collapsed and the
string coupling (dilaton) diverged.
4.4 The brane picture
A main part of our cosmological model is the 5-brane. If we neglect for a moment the Yang
Mills field, this 5-brane can be seen as a connection between two asymptotic flat regions
(universes). But the second flat region is not on the other side of the 5-brane, instead one
has to “go through the 5-brane” in order to reach it. This however is only possible for a
non-extreme 5-brane, where matter needs a finite time to reach the other side, see eq. (67).
Although the geometry is smooth (in the string-frame), the scalar fields and therefore also
the gravitational coupling become singular in the “moment one touches the 5-brane”. This
point one could call the initial singularity at τ = 0. Since in our cosmological setting, we
have rotated the world volume of the 5-brane in a way that the time is the transversal to the
brane, matter can flow only in one direction. From the thermodynamical point of view this
means, the configuration is not in an equilibrium as one would expect for a non-extremal
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solution.
Next, going to the extremal case means, that the length of the throat becomes infinite. In
this case matter takes infinite time to reach or to depart from the 5-brane in the middle,
see eq. (69). Thus, both asymptotic regions are causally disconnected, it is impossible to go
“behind” the 5-brane.
Finally, turning on the Yang-Mills field, this hole in space time is closed by an instanton. In
this case all fields behave smooth everywhere and the instanton can be seen as a cap that
smoothly closes the 5-brane throat. It takes a finite time to reach the bottom. The scalar
fields and also the gravitational coupling are bounded by the instanton size ρ, see eq. (70).
Hence, the instanton keeps matter away from the original 5-brane and the two asymptotic
regions are not only causally disconnected but also geometrically.
In this picture the fundamental string, that lies on the 5-brane seems to play no role. Really,
turning on and off the electric charge has no influence on the 4-d geometry and neither on
the 4-d dilaton. The world-volume of the fundamental string is mapped completely on the
internal torus and therefore in 4-d we do not have anymore an electric charge, instead we can
see it as topological charge that tells us how many times we wrapped the world volume. In
the moment that one touches the 5-brane this internal torus shrinks to zero size indicating
the singularity at this point. Again, turning on the YM instanton regularizes also this torus.
5 Conclusions
In the present paper we studied solutions of heterotic string theory corresponding to four
dimensional cosmological solutions. The ten dimensional configuration is a fundamental
string within a solitonic five brane. K3 compactifying that background to six dimensions
and wrapping the five brane around K3 results in a dyonic string solution in six dimensions.
As sources for those strings we considered delta function like sources and instantons. In
the case of a delta function source extreme and non-extreme solutions are known [35, 36]
whereas the background with an instanton source is known only in the extreme case [32].
We rotated the world volume such that the time is orthogonal to it and compactified the
world volume on T 2 ending up with a four dimensional cosmological solution.
In the non-extreme solution with delta function source, (which now acts as a big bang
singularity), we obtained two asymptotically flat regions connected by a wormhole. Matter
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can tunnel through the big bang singularity and would face singular background fields at
the big bang. In the extreme limit of that solution matter takes infinite time to reach the
singularity and the universe looks like a half throat with one asymptotically flat region.
In the case where the instanton is the source of the six dimensional string we observed an
asymptotically flat region at one end of the universe and a smoothly vanishing world radius
at the other end. In the six dimensional model the finite instanton size corresponds to a
spatially extended source for the string. After rotating the world volume of the string into
space like directions this gets translated into a big bang source during a finite time interval
resulting in a completely non singular model. It might be interesting to investigate whether
these or similar effects can help to address the graceful exit problem of the pre-big-bang
scenario [3–6].
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